It is proved that the set Q of quasinilpotent elements in a Banach algebra is an ideal, i.e. equal to the Jacobson radical, if (and only if) the condition Q; Q] Q (or a similar condition concerning anticommutators) holds. In fact, if the inner derivation de ned by a quasinilpotent element p maps Q into itself then p 2 RadA. Higher commutator conditions of quasinilpotents are also studied. It is shown that if a Banach algebra satis es such a condition, then every quasinilpotent element has some xed power in the Jacobson radical. These results are applied to topologically transitive representations. As a consequence, it is proved that a closed algebra of polynomially compact operators satisfying a higher commutator condition must have an invariant nest of closed subspaces, with`gaps' of bounded dimension.
Introduction
Let A be a Banach algebra. The set of quasinilpotent elements in A is denoted by Q, that is, Q = fa 2 A : (a) = 0g where (a) is the spectral radius of a. The Jacobson radical RadA of A is often denoted by R; in Banach algebras, R = fa 2 A : ab 2 Q for all b 2 Ag. The algebra A 1 is called semisimple if R = f0g; if A = R, A is called a radical algebra, and in this case every element of A is quasinilpotent. It is obvious that R is always a subset of Q and the converse holds when A, or more generally A=R, is commutative. Some simple cases where these sets di er are the Banach algebras M n (C ) of all n n matrices over C , or more generally B(X) (resp. K(X)), the algebra of all bounded (resp. compact) linear operators on a Banach space X; these are semisimple algebras but still have plenty of quasinilpotent elements.
The commutator ab ? ba, of a and b is denoted by a; b] or by D b (a): We write fa;bg for the anticommutator ab + ba: The set Q is said to be closed under commutation (resp. anticommutation) if a; b] (resp fa;bg) is quasinilpotent whenever a and b are in Q. In 16] it is proved that Q equals R if and only if Q is closed under addition or multiplication. This result, as well as the result of Zemanek 19] , that A=R is commutative if and only if spectral radius is subadditive or submultiplicative, demonstrates the close connection between the algebraic and the topological structure in Banach algebras. A further connection of these structures will be established if the following questions are answered.
Question A If Q is closed under commutation, is it equal to R? Question B If Q is closed under anticommutation, is it equal to R?
Question A is absolutely natural if one examines the proofs of Lemma 1 and Lemma 2 in 16]. On the other hand, motivation for question B also comes from the Engel-Jacobson theorem about nite dimensional algebras 12]. Notice that for Banach algebras, the condition fA;Ag Q obviously implies that A is a radical algebra, so that Q = R. In addition, a slight change in the proof of Lemma 1 of 16], yields that if fA;Qg Q then Q = R.
An a rmative answer to both questions A and B will be given in Theorem 2, which is one of the main results of this paper. In addition, a new proof of the main result of 16] will also be given in the same theorem.
Concerning 
General results
We rst obtain a positive answer to Questions A and B (Theorem 2). Note that higher commutator conditions do not imply the equality Q = R (consider for example M n (C )). Algebras satisfying such conditions are characterized in Theorem 3.
Notice that the basic tool in this area ( 9] , 16], 18]) has so far been Jacobson's density theorem ( 3] , 11]). Our proof will be based on the following improvement due to Sinclair 15]: Theorem Let A be a Banach algebra and an algebraically irreducible representation of A on a Banach space X:
(i) (Jacobson) If x 1 ; x 2 ; : : :x n are linearly independent and y 1 ; y 2 ; : : : y n are any vectors in X; then there exists a 2 A such that (a)x i = y i , i = 1; 2; : : : n:
(ii) (Sinclair) If additionally y 1 ; y 2 ; : : : y n are linearly independent, then a 2 A may be chosen invertible.
Whenever necessary, we adjoin a unit, denoted by 1, to a Banach algebra.
We will need the observation that if T is a quasinilpotent operator on a W. Wojtynski and J. Zemanek 16] , who use subharmonicity of spectral radius 17] as well as Jacobson's density theorem. In a previous version of the present paper, these tools were used to prove the equivalence of (c) to (e). The new method simultaneously yields all equivalences and is more transparent.
(ii) In 16] (iii) In Sinclair's theorem the element a 2 A can in fact be chosen of the form a = e b for some b 2 A. Therefore the quasinilpotent element q in our proof is in fact homotopic to p via the homotopy q(t) = e ?tb pe tb (t 2 0; 1]).
If q n 2 R, then it is easy to see that D n q (Q) Q. We prove that the converse also holds for a quasinilpotent element. The example of the Banach algebra M n (C ) shows that this conclusion is best possible.
Theorem 3 Let A be a Banach algebra, p a quasinilpotent element in A and n a positive integer. If D n p (Q) Q then p n 2 RadA. 4 Proof Suppose that p n = 2 RadA. We will construct a quasinilpotent q 2 A such that D n p (q) is not quasinilpotent. Since p is quasinilpotent and p n is not contained in RadA there exists an irreducible representation on a Banach space X and an x in X such that if x k = (p k?1 )x, the set S = fx k ; 1 k 5n + 1gnf0g is linearly independent and contains x 1 ; : : : x n+1 . By Sinclair's theorem we nd an invertible a 2 A such that (a)x 1 = x n+1 ; (a)x n+1 = x 1 and (a)y = y for y 2 Snfx 1 ; x n+1 g; hence (a)x k = x k for 1 < k 5n + 1 and k 6 = n + 1. De ne q = a ?1 p n a. Then q is quasinilpotent and (q)x 1 = x 2n+1 ; (q)x n+1 = x 1 and (q)x k = (p n )x k for 1 < k 5n + 1 and k 6 = n + 1.
An easy calculation (using the Leibnitz formula for inner derivations) shows that D n (p) ( (q))x 1 = x 1 + x 2n+1 + x 3n+1 for some scalars and . However, since (p)x 2n+m = x 2n+m+1 and (qp)x 2n+m = (pq)x 2n+m for all m, one veri es that D n (p) ( (q))x 2n+m = 0 and hence D n (p) ( (q))(x 1 + x 2n+1 + x 3n+1 ) = x 1 + x 2n+1 + x 3n+1 . Thus the operator D n (p) ( (q)) is not quasinilpotent. The conclusion is that D n p (q) is not quasinilpotent either. 2
The next result, which will be used in the following section, improves a theorem of Grabiner 5] Remarks (i) A di erent proof of the rst implication (and also of Radjabalipour's theorem) will follow as a special case of Theorem 11 below. Note also that, for norm closed algebras consisting of compact operators the same result has been proved in 4]. The method used in 4] is quite di erent and applies to more general operator algebras.
(ii) If A is a simultaneously triangularizable closed algebra of compact operators, then Q is an ideal (see for example, theorem 2 in 7]). This is no longer true for norm closed algebras of polynomially compact operators, as can be seen from the example in 10].
In 6] it is shown that if A is an algebra of operators on a Hilbert space H, which is closed in the weak operator topology and contains a maximal abelian selfadjoint algebra, then the condition Q = R implies simultaneous triangularizability of A. Since by 1] there is no proper ultraweakly closed subalgebra of B(H) containing a maximal abelian selfadjoint algebra, the theorem is also valid if A is assumed to be ultraweakly closed. Combining this with Theorem 2, the following is immediately obtained.
Corollary 7 Let A be an ultraweakly closed subalgebra of B(H) which contains a maximal abelian selfadjoint algebra. If Q;Q] Q or fQ;Qg Q then A is simultaneously triangularizable.
Recall that a (continuous) representation of an algebra A on a Banach space X is called topologically transitive when (A) has no non-trivial closed invariant subspaces. In general, it is not known whether the kernel of such a representation must contain the radical (: the intersection of the kernels of algebraically irreducible representations). Case (ii) Suppose that (J ) 6 = f0g. This is a nonzero ideal of (A) and hence must act transitively on X. Now let D be the closure of (J ). This As a corollary of theorem 10 we obtain, Theorem 11 Let A be an algebra of polynomially compact operators on some Banach space X which is complete with respect to some algebra norm which dominates the operator norm. Suppose that D n This Theorem applies, for example, when A is a subalgebra of some von Neumann -Schatten class which is closed in the C p norm, or, more generally, in any complete normed ideal of compact operators on a Banach space.
We give an example to show that the completeness assumption cannot be omitted, even for algebras of compact operators:
Example 12 There exists an algebra of compact operators on a serarable Hilbert space which contains no nonzero quasinilpotents and yet is not simultaneously triangularizable.
Proof Let ( f)(z; w) = f(w; z). Thus (A) is an algebra of compact operators with no nonzero quasinilpotents. It is evident that the compression of (A) to each of its two-dimensional invariant subspaces is transitive (in fact, it equals M 2 (C )) and thus (A) is not simultaneously triangularizable. 2 As we remarked earlier, the converse of theorem 11 fails, even for n = 1, for algebras containing non-compact operators (see 10]); it is true when A K(X): Proposition 13 Let A be a norm closed algebra of compact operators and N a maximal A-invariant nest. If dim(N=N ? ) n, for all N 2 N, then Q n 2 RadA (and so D n Q (Q) Q) for all Q 2 Q. Proof Suppose that there exists Q 2 Q such that A = Q n = 2 RadA. Then there exists B 2 A such that the spectrum of BA is nonzero. As BA is compact, there exists a maximal nest, N 1 say, of closed subspaces, containing N, which triangularizes BA 13] . Thus the (scalar) operator induced by BA on some`gap' of N 1 is nonzero; it follows that BA cannot vanish in the corresponding`gap' of N, and so neither can A:
Thus there exists N 2 N, such that N (Q n ) is not zero. Let x 2 N=N ? be such that N (Q n )x 6 = 0. As remarked in section 2, and since the operator (Q) is quasinilpotent, the vectors x; N (Q)x; : : :; N (Q n )x are linearly independent and hence dim(N=N ? ) n + 1: 2
